
TD 8

Cosmology

8.1 Robertson-Walker metrics

In this exercise we want to derive the Robertson-Walker metric based on two assumptions, that are:

• Spacetime can be sliced into hypersurfaces of constant time which are homogeneous and
isotropic.

• The mean rest frame of the galaxies agree with this definition of simultaneity.

Therefore, we adopt comoving coordinates : each galaxy is idealized as having no random velocity,
as it has a fixed set of coordinates xi (for i = 1, 2, 3). The time coordinate is t, the proper time for
each galaxy.

1. Show that the spacetime we consider has a metric that can be written

ds2(t) = −dt2 +R2(t)hijdx
idxj

where R(t) is a scale factor and hij is a constant tensor. We will write dl2 = hijdx
idxj.

2. Using spherical symmetry around the origin, show that the spacial metric can be written

dl2 = e2Λ(r)dr2 + r2dΩ2

where dΩ2 = dθ2 + sin2 θdφ2.

3. Show that the Ricci scalar for this metric is

R =
2

r2

(

1−
d

dr

(

re−2Λ
)

)

.

4. Deduce that the spacial metric is

dl2 =
dr2

1− kr2
+ r2dΩ2 (8.1)

where k is a constant.

5. Show that the full spacetime has metric

ds2 = −dt2 +R2(t)

[

dr2

1− kr2
+ r2dΩ2

]

(8.2)

where we can restrict k ∈ {1, 0,−1}.



6. We have shown that if a space that satisfies the two assumptions above exists, then there
exists a constant k such that its metric is (8.1). We still have to show that the converse is
true, ie that this metric is isotropic and homogeneous for all k ∈ {1, 0,−1}.

(a) Prove the statement in the case k = 0.

(b) Consider now k = 1. We define a new coordinate χ(r) such that

dχ2 =
dr2

1− r2
.

Write down dl2 using the coordinates (χ, θ, φ). Do you recognise this metric? Conclude.

(c) Finally consider k = −1. Using a similar coordinate transformation, show that the
metric of the spatial slices is proportional to dχ2 + sinh2 χdΩ2. Is it possible to re-
alise this 3-dimensional surface in a higher-dimensional Euclidean space? Show that
dχ2 + sinh2 χdΩ2 is the metric of a 3-dimensional hyperbola in Minkowski spacetime
and conclude.

8.2 Lost in horizons

In this exercise, we adopt the following standard notations: t0 refers to the date of ”today”, and for
every quantity X(t) that is a function of t, we define X0 to be its value today : X0 = X(t0). We
use the normalized scale factor a(t) = R(t)/R0 and the Hubble ”constant”

H(t) =
Ṙ(t)

R(t)
=

ȧ(t)

a(t)
. (8.3)

The metric (8.2) can also be written

ds2 = −dt2 +R2(t)
[

dχ2 + S2
k(χ)dΩ

2
]

(8.4)

where χ is defined by dχ2 = dr2/(1−kr2) and S2
k(χ) is a function to be found. If we also introduce

a new coordinate τ defined by dτ = dt
R(t)

, called the conformal time, the metric becomes

ds2 = R2(t)
[

−dt2 + dχ2 + S2
k(χ)dΩ

2
]

(8.5)

We adjust the constants so that we sit at r = χ = 0, and so that R(t = 0) = 0. The point
(t = 0, χ = 0) will be called our origin (this is just a denomination, this point is in no way different
from the points (t = 0, χ) for χ 6= 0). Similarly the point (t = +∞, χ = 0) will be called our
end. Consider a galaxy at fixed χ. Then we define the recession velocity (with respect to us) to be
Ṙ(t)χ. We can then make the following definitions: a point in spacetime is said to be inside our

• particle horizon if it is possible for a particle to travel from our origin to this point;

• event horizon if it is possible for a particle to travel from this point to our end;

• Hubble sphere if its recession velocity is smaller than the speed of light.

1. Show that Friedmann’s equation reads

ȧ2 = H2
0

(

ΩM

a
+

ΩR

a2
+ ΩΛa

2 + (1− ΩT )

)

(8.6)

where ΩT = ΩM + ΩR + ΩΛ, and where M stands for the non-relativistic matter, R for the
radiation and Λ for the cosmological constant.

2. Analyze and understand figure 8.1.
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Figure 8.1: Three different views of the universe. Image taken from Davis and Lineweaver,
astro-ph/0310808.



8.3 Scalar field in cosmology

We use a spacetime with metric

ds2 = −dt2 + a2(t)δijdx
idxj

where i, j = 1, 2, 3. We remind Friedmann’s equations for a perfect fluid with pressure P and energy
density ρ :

3

(

ȧ

a

)2

= 8πGρ

ä

a
= −

4πG

3
(ρ+ 3P )

1. What is this spacetime? Is it flat?

2. We consider a scalar field φ(xµ). Its motion equation for an arbitrary metric gµν is

gµνDµDνφ−
dV

dφ
= 0

where V (φ) is the potential of the scalar field. Rewrite this equation using the scale factor
a(t) and its derivative.

3. The energy-momentum tensor associated to the scalar field is

Tµν = DµφDνφ− gµν

(

1

2
DσφDσφ+ V (φ)

)

.

Check that it is conserved.

4. Show that the scalar field can be assimilated to a perfect fluid. Compute the pressure P and
the energy density ρ of this fluid.

5. Let w = P/ρ. What is the behaviour of ρ as a function of a in the following approximations :

(a) When the kinetic energy of the field is negligible in front of the potential energy ;

(b) When the potential energy is negligible in front of the kinetic energy of the field.

6. Assuming that the scalar field dominates the universe, find the behaviour of a(t) in those two
situations.

7. Under which condition on w does the expansion of the universe accelerate?


